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Today’s Objectives

* Recursive State Estimation: Bayes Filter
* Linear Kalman Filter
* Extended Kalman Filter



Bayes Formula

P(x,y)=P(x|y)P(y) = P(y|x)P(x)
P(y|x) P(x) _ likelihood - prior

P(x =
( ‘ ») P(y) evidence
P(x| y) =2V I'jg/)P &) _ Py | %) P(x)
1=PO) =

Y P(y| x)P(x)



Simple Example of State Estimation

e Suppose a robot obtains measurement z
 What s P(open|/z)?

-
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Example

* P(zlopen) = 0.6 P(z|—open) = 0.3
* P(open) = P(—open) = 0.5

P(z | open)P(open)

P(open | z) =
(open | 2) P(z | open) p(open)+ P(z | —open) p(—open)
0.6-0.5 2

P(open | z) = =—=0.67
(Open | 2) = 0 5403.05 3

* Z raises the probability that the door is open.



Bayes Filter

* Prediction
bel(x,) = | p(x, |, %) bel(x,.,) dx,.,

 Correction
bel(x,) =1 p(z,| x,)bel(x,)



Kalman Filter

Bayes filter with Gaussians
Developed in the late 1950's
Most relevant Bayes filter variant in practice

Applications range from economics, weather
forecasting, satellite navigation to robotics
and many more.

The Kalman filter “algorithm” is a couple of
matrix multiplications!



Gaussians

p(X) ~ N(u,o°):

1 _l(x_/‘)z

p(x)= \/Eae 2 52

Univariate

X))~ N(X):

1 ey =T (x-p)
p(x) = (272_)61/2|2|1/2 e’

Multivariate
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Properties of Gaussians

X ~N(u,o°
(#,07) = Y ~N(au+b,a’c”)
Y=aX+b
X, ~ N, 612) _ _ 622 0_12
X, ~N(y2,622)}:>p(Xl) p(X,) N£012+622 IUI+(712+(722 Ky




Multivariate Gaussians

X ~N(u,2)

= Y ~N(Au+B,A34")
Y=AX +B

X, ~N(,%)
X2 ~ N(:uzaz‘z)

Y Y 1
— (X)) (X))~ N 2 I ,
} p(X)) - p(X,) £21+22 )7 ) H, 211+221]

* We stay Gaussian as long as we start with Gaussians and
perform only linear transformations.
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Discrete Kalman Filter

Estimates the state x of a discrete-time
controlled process that is governed by the
linear stochastic difference equation

x, =Ax,_,+Bu, +¢&

with a measurement

z, =Cx, +0,



Components of a Kalman Filter

A

{

B

=~

Matrix (nxn) that describes how the state
evolves from ¢ to -/ without controls or
noise.

Matrix (nxl) that describes how the control «,
changes the state from ¢ to 1.

Matrix (kxn) that describes how to map the
state x, to an observation z,.

Random variables representing the process
and measurement noise that are assumed to
be independent and normally distributed
with covariance R, and Q, respectively.



Qs

Kalman Filter Updates in 1D
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How to get the
magenta one?
State prediction step
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Kalman Filter Updates in 1D

How to get the blue one?
Kalman correction step

7,
H, :ﬁt+Kt(Zt_ﬁt) . O,
o’ =(1-K)5’ ' & +o

bel(x,) ={

H, = ﬁz +Kt(Zt _Ctﬁt)

- with K, =%.C7(CZ.C +0,)"
2. =([-K,C)Z

bel(x,) :{
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Kalman Filter Updates
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Bayes Filter: Reminder

* Prediction
bel(x,) = | p(x, |, %) bel(x,.,) dx,.,

 Correction
bel(x,) =1 p(z,| x,)bel(x,)



Linear Gaussian Systems:
Initialization

* |nitial belief is normally distributed:

bel(x,) = N(x,; 14,,%, )



Linear Gaussian Systems: Dynamics

* Dynamics are linear function of state and control plus
additive noise:

xl‘ — ‘/47‘xl‘—1 T Btut T gt

p(x, |u,x, )= N(x;4x,_, +Bu

77t

R)

@(xt) — jp(xt u,, xt—l) bel(xl‘—l) dxf—l

U U
NN(X.AX + Bu R) NN(xt—l;:ut—lazt—l)

1ot t—-1 A 2




Linear Gaussian Systems: Dynamics

bel(x,) = | p(x, |u,,x,,) bel(x, ) dx,
U U
~ N(xt;Atxt—l + BtuﬂRt) ~ N(xt—l;:ut—lazt—l)
U

- ] B
bel(x,)=n I exp {— 5 (x, —A4x,_, — Bfut)T R 1(Xf —Ax,_ — Btut)}

1 _
CXp {_ E ('xt—l —H, )T zt—ll (xt—l —H, )} dxt—l

ﬁt — Az:ut—l + Btut

pellx) = {it =A% A" +R

t—t-1



Linear Gaussian Systems:
Observations

* Observations are linear function of state plus additive
noise:

z, =C.x, +0,
p(z,1x)=N(z;Cx,,0,)
bel(x)= 1 p(z,|x) bel(x,)

U U
N( I,Ctxt,Q) NN(xt;;lt,it)



Linear Gaussian Systems:

Observations
bel(x)= 1 p(z|x) bel(x,)
U U
~N(zt;Ctx[,Qt) ~N(xt;;t,it)

U

bel(x,)=n exp{—%(zt —Cx) 07(z, - Ctxt)}exp{—%(xt )T (x, _ﬁz)}

H, = ﬁt +Kt(Zt _Ctﬁt)

- with K, =%,CT(C,Z.CT +0,)"
> =(I-K.C)

bel(x,) ={



Kalman Filter Algorithm

1.  Algorithm Kalman_filter( p, ,, 2, , u,, z,):

Prediction:

M, = A, +Bu,
S =AY A" +R

1 —t-1

I

Correction:

K thT(C >.CT +Qt)‘

,Ll /uz +K (Z -C zut)
t = (1_ tCt)Zl‘

O 0 N W

Return u, 2,
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Kalman Filter Algorithm
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Kalman Filter Algorithm

T(h+1|E) = flz(k|k), u(k+ 1))
<PI k+1|k) = VEPE|OVET+ VI UK+ VST

b et '
" g :
= =g -
s

2hk+ 1) R(E+1)

»  Correcti

g+ 1|k+1) = 2(k+1|k)+ Wk+1ok+1)

- e Rl N
Su ik + 1) = z(k+ 1) - h(@(k+ 1K), m,) T

oo

P+ ||}'.'+ 1y = P+

TS
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The Prediction-Correction-Cycle
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The Prediction-Correction-Cycle

0

53 o} -1

o5 -1

=0+ K, (z, — 11,) o,
bel(xz)Z{ e =
O, =( - z)o_z O, +o—obs,t
=1u +K —Cu — —
bel(xt): /th ﬂl t(Zt _tﬂt)’Kt :ZtCtT(CtZtCtT+Qt)7]
2, =(I—-K,C)Hx,
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The Prediction-Correction-Cycle

= 1l +K — 77 =
bel(xt) _ K, le’ﬁ t(Zt _;th)’ Kt _ % bel(x ) _ ilt atﬂt_l —+ btut
o} =(1-K,)o, Gl +& ! *=a’c] +o;

t act,t

M, = ﬁt +Kz(Zz _Ctﬁt)

i _ﬁt - Az/*ltfl + Btut
Zt = (I_Ktct)zt

bel(x,) =
( t) { > = AtZt_]AtT +Rt

K, =%.CT(CZ.CT+0,)" bel(x,) = {
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Kalman Filter Summary

* Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
O(k?376 + n?)

* Optimal for linear Gaussian systems!

* Most robotics systems are nonlinear!
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Nonlinear Dynamic Systems

* Most realistic robotic problems involve
nonlinear functions

16.02.2015

[

xr = g(ur > xr—l)
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z, =h(x,)
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Linearity Assumption Revisited

6 | 6

piyi= Niy;aw+hb,a*c%) — = 3K+ D
M tean of poyy 5 g= hean p
o

2 2
1 ' : - 1 .
0 05 1 15 0 0.5 1
6| 1

pid = Nix o)
o= tdean of px)




Non-linear Function

Py
— Gaussian of p{y)

X Mean of piy)

Non-Guassian

-4

* The non-linear functions lead to non-
Gaussian distributions
e Kalman filter is not applicable anymore!

What can be done to resolve this?

0 020406 08

6
— Function gix)
= tdeanp
4 O s
2
t ©
T 0
-2
_4 1
0 0.5 1
6 pix)
= Meanp
_ 4
2
0 +
n ne 1
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EKF Linearization: First Order Taylor
Series Expansion

 Prediction:

ag(ut b :uz—l) (x
X1

g(ut > xt—l) ~ g(uz > :ut—l) + Gt (xt—l o :ut—l)

-1 :ut—l)

glu,x,_ )= gu, t,_)+

* Correction:
h(x,)~h(u,)+

h(xt) ~ h(ﬁt)+Ht (xz _/—lt)

Jacobian matrices

Oh(z,)

X

(xt _ﬁ



Reminder: Jacobian Matrix

* |[tis a non-square matrix in n X m general

 Given a vector-valued function
[ f1(x) |
f(X) — fQ(X)
i fm(X) i
e The Jacobian matrix is defined as
[ Af1 Of1 af1
ory Oxo °"°° Oxp
Ofo  9Ofo af2
Fyxy = | 91 Jdzp °°° Oz
Ofm Ofm  Ofm
| Oxry Ozp "7 Oxp |
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Reminder: Jacobian Matrix

* |tis the orientation of the tangent plane to the
vector-valued function at a given point

12

el LLUO AN

Y

™
s

* Generalizes the gradient of a scalar valued
function
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EKF Linearization: First Order Taylor
Series Expansion

 Prediction:

ag(ut b :uz—l) (x
X1

g(ut > xt—l) ~ g(uz > :ut—l) + Gt (xt—l o :ut—l)

-1 :ut—l)

glu,x,_ )= gu, t,_)+

* Correction:
h(x,)~h(u,)+

h(xt) ~ h(ﬁt)+Ht (xz _/—lt)

Linear functions

Oh(z,)

X

(xt _ﬁ



EKF Linearization

6 6
Py — Function gix)
— Gaussian of p(y) — Taylor approx.
4 || — EFK Gaussian 4 = teanp
Q o
2
0 T 0
-2 -2
4 -4
0 020406 0.8 0 0.5
& P
g Meanp
=41
2t
0 =



EKF Linearization (Cont.)

6 6
piv — Function gi=)
— (Gaussian of piy) = Taylor approx.
4 || — EFK Gaussian 4 d= Meanp
QO o
-
= ﬂ |
2 2
4 : : 4
0 05 1 15 0 0.5 1
20 ¢ o= Ew;:?an L




B W

O 0 N oW,

EKF Algorithm

Extended_Kalman_filter (p., =, ,, u, z,):

Prediction:
=g, u_) ;lt = A p,_, +Bu,
> =GX _G +R =A% A +R
Correction:

K =SH'(HZH +0)' — K =3C'(CZC+0)"
He =+ K (2, = h(f,) = p+ K (2, -Cop,)
> =(I-K,H)S, > =(I-KC)Z

Return p, 2 oo Ohm) 08,4 )
t Gxt t axt—l
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Google Car — Tracking using KF
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Landmark-based Localization

EKF localization with landmarks (point features)
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1. EKF_localization (p., =2, , u, z, m):

Prediction:
ox' ox' ox'
alljt—l,x aﬂt_l,y 8#1‘—1,8
3. G = 8g(uta/u¢_1) _ 8y' ay' ay'
t 8x,_1 a:ut—l,x alut—l,y @Iut_lﬂ
00" 06 00
alut—l,x 81ut_1’y @ut_w
ox' ox'
ov, Ow,
5 . vV = @g(ut > ;uz_l) _ Oy' ay'
t aut avt 8a)t
00' 06
ov, O,
6. M :[(al v, |+, | @, |) 0 J
0 (ay |V, | +e, | o, |)

7' él_t :g(utalut—l)
16%2.20152t — GtZt—thT + VtMtVT
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Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean
Predicted covariance ,,



1. EKF_localization (p,, 2., u, z, m):

Correction:
n m._— U +\m —u .
3. % = \/( x ﬂ’j)z (y_“”)z_ Predicted measurement mean
atan 2 my _:uz,yamx —H )T Mg
or, or, or,
5 oy - oM@.m) _ |\OH. OH, OH,| Jacobian of h w.r.t location
’ ox, op, Op, O,
aﬁt,x a/Et,y aﬁt,e

ol g
7. S=HIH +0Q Pred. measurement covariance
8. K=XH'S Kalman gain

9. u=4+K/(z,-z) Updated mean

10. %, = (I—Kth )i Updated covariance
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Summary

* Recursive State Estimation: Bayes Filter
* Linear Kalman Filter
* Extended Kalman Filter

— Works well in practice for moderate nonlinearities
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Questions
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